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Abstract. In this work we present a brief review of specific models that
have been used for pressure-transient modeling in fractal reservoirs, and
propose some alternatives with particular emphasis on the description
of pressure-tests on naturally fractured reservoir with fractal geometry.
The model equations can be classified as local or differential models and
nonlocal or integro-differential models. The local models given by partial
differential equations are the most widely used, and their basic assump-
tions consist in regarding isotropic reservoirs, spatially dependent perme-
abilities given by power laws and the validity of Darcy’s Law. With this
ideas a generalization of the diffusion equation capable of describing sub-
diffusive behavior for the space-time pressure evolution is constructed.
The nonlocal models are based in the Generalized Master Equation for-
malism, through which distinct types of generalized diffusive models can
be derived, in particular some generalizations of the telegraph or Catta-
neo equation in terms of time fractional derivatives.
For each model a phenomenological derivation is given, an its mathemat-
ical formulation in terms of the pressure transient modeling is discussed.

Keywords: anomalous diffusion, porous media, fractional derivatives

1 Introduction

The diffusion in a complex structure or environment shows that the conven-
tional diffusion equation fails to model the anomalous diffusion mass transport
characterized for different force fields of different nature.

The understanding of disordered systems comes from percolation theory, the
percolation model has proved to be relevant and useful for the study of most
disordered media [1]. That is why from the percolation theory can be character-
ized the randomness in diffusion processes, on the other hand the structure of
percolation clusters can be well described by fractal concepts ( i.e. the fractal
dimension of percolation).

We are interested in describe the equations of diffusive transport in a frac-
tured porous medium considered as fractal so the porous are stochastically dis-
tributed. Throughout this paper will present general models for modeling fractal
heterogeneous porous media.
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Then we work with an approximation of these heterogeneous media using
fractional models for diffusion on fractal media. Nigmatullin [2] was the first
who derived the fractional diffusion equation for fractal geometry with fractional
temporal derivative which models the process of slow diffusion, other approach
was the diffusion in a fractured porous medium by Fomin [3].

Diffusion problems can be approached and modeled in essentially two ways:
a macroscopic description which is only concerned with mass conservation and
phenomenological constitutive equations; and a microscopic description, which
models this phenomena taking into account the stochastic nature of the inter-
action among diffusing particles, i.e. it models the behavior of individual solute
particles bouncing around with the solution molecules and possibly interacting
with the substrate (or underlaying space). In this work we will focus on the
first approach, and through different constitutive equations we derive different
models for diffusion in fractal domains.

The elementary particles under the effect of different force fields of different
nature perform complex motion. The trajectories of these particles reproduce
the geometrical objects of complex structure [4].

Fractured porous medium has a very complex structure, which can be consid-
ered as fractal. Hence, the material particles while migrating along fractures and
pore channels will perform complex motion, imposed by the complex geometry
of the pores and fractures and their distributions in the domain [5].

Hence the heterogeneous porous media contain heterogeneities that vary in
space and whose properties may depend on the length scale of measurements.

2 Macroscopic derivation of different types of diffusion
equations

The local conservation equation, usually called the continuity equation, has the
following form

∂ρ

∂t
+∇ · J = 0, (1)

where ρ(x, t) with x ∈ Rd denotes the density of some measurable quantity in
a d-dimensional Euclidian space, e.g. mass or number of particles. The vectorial
quantity J denotes a flux, and it is a measure of the amount of mass/number of
particles per unit time per unit area that passes through a given surface element
perpendicular to the flux direction in a given time interval.
The relation between the flux and the density is called a constitutive equation,
and is mainly a phenomenological relation. It is in this expression where all the
physics of the problem, i.e. the space structure (heterogeneity and isotropy),
the system response against perturbations (concentration gradients, kinematic
viscosity), and the interaction of the substance with the substrate (if there is
any) must be included. Therefore different types of constitutive relations gives
different types of diffusion equations. Examples of different types of fluxes are
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[6], [7]

J =




−D∇ρ(x, t)
−D(x)∇ρ(x, t)
−D(ρ)∇ρ(x, t)

−
∫ t

0
K(t− t′)D∇ρ(x, t′)dt

−
∫∞
−∞ K(x− x′)D∇ρ(x′, t)dx′

(2)

where D is a d × d matrix commonly known as the diffusion tensor when the
system is anisotropic, or a scalar known as the diffusion coefficient in the case of
isotropic systems. The diffusion coefficient ( the entries of the diffusion tensor)
is constant for homogeneous systems, and space dependent for heterogeneous
ones. These cases correspond to the first two expression for the flux in Eq.(2).
For situations where excluded volume effects or interaction among particles are
present, which is normally the case for systems with high densities or under high
pressure differences, D is normally a density function, and leads to a flux given
by the third expression of Eq.(2).
It can also be the case, that the system does not react instantaneously, presenting
a time delay between the density gradient appearance and the corresponding
induced flux, or that the flux at some point in space is influenced by gradients
at distant regions, i.e. there could be non local effects. This cases can be modeled
with two the last expressions of Eq.(2) with special types of kernels.
Finally notice that we are considering that the unique cause for the flux existence
is a density gradient.
If it is assumed that the system modeled is homogeneous, isotropic and with no
memory or nonlocal effects, the flux is given by the first expression of Eq.(2),
that if substituted into Eq.(1), the usual diffusion equation is obtained

∂ρ

∂t
= D∇2ρ. (3)

Solving Eq.(3) in an unbounded domain with an initial condition given by
ρ(x, 0) = δ(x), is easy to derive the essential signature of normal diffusion, which
reads

〈x2〉 = Dt. (4)

3 Derivation of O’Shaughnessy and Procaccia model for
diffusion in fractal domains

Consider an isotropic d-dimensional, solid, heterogeneous system. Here, the con-
tinuity equation (Eq.(1)) written in spherical coordinates has the following form

∂ρ

∂t
= − 1

rd−1

∂

∂r

(
rd−1J(r, t)

)
. (5)

Furthermore, consider that the cause of such heterogeneity is the existence of
pores with average volume Vs within an impermeable solid matrix. Assume that
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the pore spatial distribution is constructed by embedding a continuum percola-
tion model (is defined without resorting to a lattice, for example a set of circles
randomly placed on a plane where contact is made through their partial overlap)
inside the matrix [8], [1], and that the critical cluster has already been formed,
i.e. we are in the regime for which p > pc, with p the probability that in an
arbitrary point in space a pore of volume Vs exists, and pc the critical value for
this parameter.

Consider the problem of diffusion inside the infinite pore percolation cluster,
and imagine that at time t = 0 a number of particles are put inside a small
region of the cluster with a volume slightly bigger than Vs. Thus for long times
(t >> 0), the radius of this particle full volume must increase in such a way that

〈r2(t)〉 = Dαt
α, (6)

where Dα and α are usually called the generalized diffusion coefficient and the
anomalous exponent, which defines the process as subdiffusive if α < 1, diffusive
for α = 1 and superdiffusive when α > 1.
Being an isotropic, heterogeneous system, the diffusion coefficient should depend
on r and the correlation length of the percolation model, which is denoted by
ξ. This characteristic length is a measure of the mean longitudinal size of the
regions of the cluster occupied by the impermeable solid matrix, which becomes
infinite when the system becomes critical, i.e. at p = pc. At this point, the

percolation cluster is self-similar for all length scales greater than V
1/3
s

1.
If p > pc and the displacement r′(t) of the density of particles is much bigger
than the correlation length ξ << r′(t), where r′(t) is given by

r′(t) =
√

〈r(t)2〉, (7)

diffusion should behave as in isotropic, homogeneous systems, with the diffusion
coefficient given by a constant value. This value can be estimated using Einstein
relation, which relates the material dc 2 electrical conductivity with the diffusion
coefficient through the following equation: σ = ρe2D/kT , where T is the absolute
temperature, k the Boltzmann constant, e the charge value and ρ the number
of charge particles per unit volume.
Using the following known behaviors of the charge density ρ, conductivity σ and
the correlation length for percolation models near criticality [8], we have

σ = σ0(p− pc)
µ, p > pcρ = ρ0(p− pc)

β , p > pcξ = ξ0 | p− pc |−ν , (8)

where σ0, ρ0 and ξ0 are constants with the correct dimension of conductivity,
charge density and length. These quantities can be rescaled, and thus, their
numerical value can be considered as 1.
Substituting Eq.(8) in Einstein relation, the diffusion coefficient can be expressed

1 This length is a measure of the diameter of the pores, and defines the smallest length
scale for this particular model.

2 Direct current.
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as : D = (kTσ0ξ
θ
0/ρ0e

2)ξ−θ, with θ = (µ − β)/ν. Thus D = Dθξ
−θ, where the

dimension of the Dθ constant is: {(length units)2+θ/time units}.
If V

1/3
s < r′(t) < ξ, the diffusion coefficient must satisfy a relation of the form:

D(ξ, r′) = Dθξ
−θh(ξ/r′), where h(x) is a dimensionless function of one variable

whose behavior for small values of x is limx→0 h(x) = 1. This last statement can
be understood as follows:
Using dimensional analysis, is easy to see that the diffusion coefficient D(r, ξ)
and the constant given by Dθξ

−θ have the same dimensions, thus their ratio
defines a dimensionless function whose argument can only be of the form x =
r′/ξ or x = ξ/r′. If we choose, without loosing generality, the second form of
the argument and recall that for r′(t) >> ξ the system can be regarded as
homogeneous, then the asymptotic value for h(x) = D(r′, ξ)/Dθξ

−θ when x → 0
must be h(0) = 1.

Furthermore, because for length scales satisfying V
1/3
s < r′(t) < ξ the infinite

percolation cluster is self-similar, the diffusion coefficient must not depend on any
intrinsic scale of the percolation model, thus h(x) = xθ. Therefore the diffusion
coefficient is scale dependent and satisfies the following relations

D(ξ, r′) =




Dθξ
−θ if r′(t) >> ξ >> V

1/3
s

Dθr
′−θ if V

1/3
s << r′(t) << ξ.

(9)

For finding the generalized diffusion coefficient and the anomalous exponent
associated with this particular problem, a generalization of Eq.(4) is used, and
the diffusion coefficient is defined by the following relation

D(ξ, r′) =
1

2

d

dt
r′2(t), (10)

thus, using the second expression of Eq.(9) for solving Eq.(10) and substituting
r′(t) definition (Eq.(7)) in the result, we have

〈r2(t)〉 = ((2 + θ)Dθ)
2

2+θ t
2

2+θ . (11)

Thus for this particular model, the generalized diffusion coefficient and the
anomalous exponent defined in Eq.(8) are given by

Dα =

(
2

α
Dθ

)α

, α =
2

2 + θ
. (12)

Returning to Eq.(5) and assuming that the fluid is stored only within the pores
of the infinite percolation cluster, the density of the fluid can be written as

ρ =
Vsρf (aωdr

Df )

ωdrd
, (13)



WORKSHOP PROCEEDINGS

-  7  -

7   Decision making under uncertainty  in petroleum engineering 
7.3.   Pressure-transient models for fractal reservoir  

 Damián Hernández Herrán, Mayra Núñez-López, and Jorge X. Velasco-Hernández

VI

where ωd is the dimensionless factor associated to the volume of a d-dimensional
sphere 3, and ρf is the density of the particles within each pore. In Eq.(13) we
have used the fact that the number of pores inside a sphere of radius r is given
by n(r) = aωdr

Df with Df the fractal dimension4 of the infinite percolation
cluster, thus Eq.(13) is equivalent to ρ = φρf , where φ is the medium porosity
[8].
Substituting Eq.(13) in Eq.(5) we obtain

aVs
∂ρf
∂t

= − 1

rDf−1

∂

∂r

(
rd−1J(r, t)

)
. (14)

Assuming that the particles can move only within the percolation cluster, the
flux at a radius r is given by

J(r, t) = −φD(ξ, r)
∂ρf
∂r

(15)

where φ ( which is a measure of the available volume to the liquid relative to the
total volume in a very thin spherical shell) is again considered as the porosity
[8].
Substituting Eq.(15) and the second expression of Eq.(9) into Eq.(5), the model
proposed by O’Shaughnessy and Procaccia [9] follows

∂ρf
∂t

=
Dθ

rDf−1

∂

∂r

(
rDf−1−θ ∂ρf

∂r

)
. (16)

At this point, is important to remark that Eq.(16) was proposed as a general
evolution equation for the density of diffusing particles on isotropic self-similar
fractals [9], and it was derived on the basis of scaling arguments. Also, the so-
lution of this equation must be interpreted as an analytic envelope of the exact
density distribution, which is far from smooth. Finally, for the fractals for which
the validity of this equation has been numerically verified, i.e. Sierpinski gaskets
embedded in a d-dimensional space, the obtained θ value was a positive con-
stant [9]. For percolation models this parameter also attains positive values [1].
In general, and under our best knowledge, we do not know of any argument that
assures θ’s positivity, if this is the case, a natural question follows: Is there any
fractal structure for which θ has negative values? If such geometrical structures
exist, they would give rise to superdiffusive phenomena.
Finally, notice that Eq.(16) is written in terms of the particle density. The deriva-
tion an of equivalent equation in terms of the fluid pressure is done in the fol-
lowing section.

3 This factor appears after integration against the angular and radial variables, for
three dimensions w3 = 4π

3
4 The fractal dimension of the cluster Df describes how the mass M within a sphere
of radius r scales with r where M(r) ∼ rDf .
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3.1 Chang and Yortsos model

To rewrite Eq.(16) in terms of the fluid pressure, consider Eq.(14) and write the
left hand side of it using the following thermodynamic relation

∂ρf
∂t

= cρf
∂p

∂t
(17)

where c is the fluid compressibility and p the fluid pressure; thus Eq.(14) reads

aVscρf
∂p

∂t
=

1

rDf−1

∂

∂r

(
rd−1J(r, t)

)
. (18)

The flux can be expressed as J(r, t) = φρf (r, t)v(r, t), where φ is the same as in
Eq.(15), and v is the mean velocity of the fluid. For a slightly compressible fluid,
and under conditions of slow creeping flow, ρf can be considered constant, and
Darcy’s law is valid, so

c
∂p

∂t
=

1

rDf−1

∂

∂r

(
rDf−1 k(r)

µ

∂p

∂r

)
, (19)

where µ is the fluid viscosity and k(r) is the permeability associated to the
isotropic, infinite percolation cluster.
At this point there are two ways to proceed, the first is to derive an expression
that relates the permeability with the diffusion coefficient derived in Eq.(9).
Although this is the most desirable way, it is not an easy task as shown by
M. Avellaneda et.al [10]. The alternative is to assume that, in the same way as
the conductivity, the permeability behaves as a power law near the percolation
threshold [8], this is

k =




k0(p− pc)
η if pc ≤ p

0 if p < pc,

(20)

Thus, using similar arguments as those used for the diffusion coefficient deriva-
tion, the permeability must be scale dependent and satisfy the following expres-
sions

k(ξ, r) =




kθξ
−θ if r(t) >> ξ >> V

1/3
s

kθr
−θ if V

1/3
s << r(t) << ξ.

(21)

where θ = η/ν and kθ = ξθ0k0.
Substituting Eq.(21) in Eq.(19), we obtain

c
∂p

∂t
=

kθ
µ

1

rDf−1

∂

∂r

(
rDf−1−θ ∂p

∂r

)
, (22)
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which is the Chang and Yortsos model [11]. Notice that if Eq.(21) holds, an
effective permeability can be defined for this system. The explicit form of this
effective parameter is

k(r) = aVskθr
Df−d−θ, (23)

which is the permeability proposed by Chang and Yortsos [11].
The expressions shown in Eq.(16) and Eq.(22) can be generalized in a straight-
forward way by assuming that the diffusion coefficient or the permeability is
also a function of the density or of the pressure. As mentioned before, this could
happen when the density or the pressure is high enough, or when there are
excluded volume effects, which is normally the case in porous media [12]. As
an example, consider Eq.(16) with a diffusion coefficient given by D(ξ, r, ρf ) =

D̃θr
−θ(ρf/ρ0)

m−1, with m > 0. Substituting this diffusion coefficient in Ec.(16)
the following nonlinear diffusion equation is derived

∂ρf
∂t

=
D̃θ

rDf−1

∂

∂r

(
rDf−1−θ

∂ρmf
∂r

)
. (24)

where D̃θ = Dθ/mρm−1
0 and ρ0 is an arbitrary constant density, that can be

set, for the specific example of oil extraction, as the density of the fluid at
atmospheric pressure, i.e., the density of the fluid at the top of the well.

4 Cattaneo and fractional Cattaneo equations for fractal
media

Consider the same heterogeneous isotropic system as before, and assume that
the appearance of a density gradient does not induce a flux instantaneously, but
that it takes some time to produce it. In such situation the flux must have the
following form

J(r, t) = −φ

∫ t

0

M(t− t′)D(ξ, r)
∂ρf (r, t

′)

∂r
dt′. (25)

The kernel of Eq.(25) is normally associated with the relaxation properties of
the specific fluid under study, and is usually given by an exponential function
i.e.

M(t− t′) =
1

τ
exp

(
−(t− t′)

τ

)
. (26)

The type of behavior related to kernels of the form shown in Eq.(26) is known as
Debye relaxation, and is the most common form of relaxation of many physical
quantities [13].
Substituting Eq.(26) in Eq.(25) and using the continuity equation (Eq.(1)), the
evolution equation for the fluid density is derived

τ
∂2ρf
∂t2

+
∂ρf
∂t

=
Dθ

rDf−1

∂

∂r

(
rDf−1−θ ∂ρf

∂r

)
. (27)
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Notice that when τ → 0, the flux and the density evolution equation reduces to
Eq.(15) and Eq.(16) respectively.
For incompressible fluids moving with slow velocities under a pressure gradient
in an isotropic system, Eq.(26) can be easily derived from the following phe-
nomenological generalization of Darcy’s law

ρf
∂v

∂t
= −k

∂p

∂r
− γµv, (28)

where µ is the fluid viscosity, k the permeability, γ a parameter related to mi-
croscopic properties of the porous media which has to be determined [14], and v
the fluid average velocity. Solving Eq.(28) for v and writing the flux as J = φρfv
we have

J(r, t) = −φk(ξ, r)

∫ t

0

exp

(
−(t− t′)

τ

)
∂p(r, t′)

∂r
dt, (29)

where τ = ρf/(γµ). Substituting Eq.(29) in the continuity equation and using
Eq.(17) to rewrite the left hand side of it, the following evolution equation for
the fluid pressure is derived

τc
∂2p

∂t2
+ c

∂p

∂t
=

kθ
µγ

1

rDf−1

∂

∂r

(
rDf−1−θ ∂p

∂r

)
, (30)

where c is the fluid compresibility.

During the last two decades [13], the scientific community has realized that
not all physical systems have physical quantities whose relaxation behavior is of
the Debye type. In fact, there is experimental evidence of anomalous relaxation
given by stretched exponentials and power laws for long times [15], [13]. Thus,
assuming a case where M(t− t′) ≈ (t− t)−α for t >> 1 and 0 < α < 1, we can
generalize Eq.(26) by writing

M(t− t′) =
1

τα
Eα

(
−
[
t− t′

τ

]α)
, Eα

(
−
[
t− t′

τ

]α)
=

∞∑
k=0

(−[(t− t′)/τ ]α)
k

Γ (αk + 1)
,

(31)
where Eα(x) is known as the Mittag-Leffler function of order α. Notice that
Eq.(31) reduces to the exponential function when α = 1. Furthermore, the
asymptotic behavior of the Mittag-Leffler function for large values of its ar-
gument is given by a power law, i.e. Eα(x) ∼ x−α, and it is a solution of the
following fractional differential equation

cdαE(−λtα)

dtα
= −λEα(−λtα), (32)

where the fractional operator is a Caputo time fractional derivative [7], [16].
It is possible to show that if the kernel of Eq.(25) is given by Eq.(31) with 0 <
α < 1, then using Eq.(32) and the usual properties of the fractional derivatives
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[7], [17], the following generalization of the Cattaneo equation for fractal media
is derived

ταc
∂2p

∂t2
+ c

c∂2−αp

∂t2−α
=

kθ
µ

1

rDf−1

∂

∂r

(
rDf−1−θ ∂p

∂r

)
, (33)

where τ should be determined through the microscopic structure of the porous
media and the fluid properties.
Consider for a moment that the spatio-temporal dynamics is not taking place
in a fractal media, i.e., Df = d, where d is an Euclidian dimension and θ = 0.
Thus, the mean square displacement predicted by Eq.(33) for an initial value
function given by p(x, 0) = δ(x) is

〈r(t)2〉 =




k
cµτα t

2 if t << τ

2k
cµΓ (3−α) t

2−α if τ << t.

(34)

Eq.(34) shows that for times much smaller than the relaxation time, the system
dynamics is reversible (i.e. invariant under the transformation t = −t), which is
what one would expect for times smaller than the mean time between particle
collisions. Interestingly, for times much bigger than the relaxation time, the
system has a superdiffusive behavior.
Thus going back to the case where Df �= d, i.e. taking into account the fractal
structure of the spatial domain, Eq.(33) has an interesting interplay between
superdiffusion, associated with the fractional time derivative, and subdiffusion,
associated with the medium fractality through the θ parameter.
Another meaningful type of fractional Cattaneo equation can be derived by ge-
neralizing Eq.(28) in such a way that the flux satisfies the following fractional
integro-differential equation

J(r, t) + τα
c∂α

∂tα
J(r, t) = − ∂1−α

∂t1−α

(
k(r)

µ

∂p

∂r

)
, (35)

where τ has to be determined for the specific problem under consideration.
Substituting Eq.(14) in the continuity equation and applying on both sides of
the equation a fractional integral of order 1− α, the next expression follows

cτα
c∂2αp

∂t2α
+ c

c∂αp

∂tα
= − kθ

µrDf−1

∂

∂r

(
rDf−1−θ ∂p

∂r

)
. (36)

Disregarding the underlying fractality for a moment, the mean square displace-
ment for an initial condition given by p(x, 0) = δ(x) for Eq.(36) with d = Df
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and θ = 0 is

〈r(t)2〉 =




2k
cµτΓ (1+2α) t

2α if t << τ

2k
cµΓ (1+α) t

α if τ << t.

(37)

For small time scales this model loses the time reversibility property, whereas
for long time scales a subdiffusive behavior is recovered. Thus for Df �= d and
θ > 0, we should expect an enhanced subdiffusive behavior associated with θ for
t >> τ .
An important fact of Eq.(36) can be derived using a continuous time random
walk formalism, that permits an association of the model parameters, including
the fractional derivative order, with the microscopic subtleties of the physical
system under consideration.
Finally, if instead of satisfying Eq.(35) the flux satisfies the equation

J + τ
∂J

∂t
= − ∂1−α

∂t1−α

(
kθ
µ

∂p

∂r

)
, (38)

the following fractional Cattaneo equation is derived

τc
c∂α+1p

∂tα+1
+ c

∂αp

∂tα
=

kθ
µ

1

rDf−1

∂

∂r

(
rDf−1−θ ∂p

∂r

)
. (39)

Eq.(39) is also derivable through the continuous time random walk formalism,
and its mean square displacement of an initial condition given by p(x, 0) = δ(x)
with Df = d and θ = 0 is

〈r(t)2〉 =




2k
cµτΓ (2+α) t

1+α if t << τ

2k
cµΓ (1+α) t

α if τ << t.

(40)

Thus the long time behavior of Eq.(39) is the same as Eq.(36), therefore when
Df �= d, θ > 0, we should expect an enhanced subdiffusive behavior for t >> τ .
For a deeper discussion of the fractional Cattaneo equations mentioned in this
section and their different behaviors for different time scales, see [18].

5 Fractional models for diffusion on fractal media

As mentioned in the last section, if we put τ = 0 in the fractional Cattaneo
equations already discussed, we recover two different generalizations of fractional
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diffusion equations for fractal media, these are

c
c∂αp

∂tα
=

kθ
µ

1

rDf−1

∂

∂r

(
rDf−1−θ ∂p

∂r

)
, (41)

and

c
c∂2−αp

∂t2−α
=

kθ
µ

1

rDf−1

∂

∂r

(
rDf−1−θ ∂p

∂r

)
, (42)

with 0 < α < 1 for both equations.
The mean square displacement for an initial condition of the form p(r, 0) = δ(r)
for Eq.(41) and Eq.(42) behaves as

〈r(t)2〉 ∼ t
2γ
2+θ , (43)

where γ = α for the case corresponding to Eq.(41), and γ = 2 − α for Eq.(42).
Notice that for the first case, i.e. γ = α we have an enhanced (with respect to
Eq.(22)) subdiffusive behavior, whereas for the second case (γ = 2− α), we can
recover a subdiffusive, diffusive and even a superdiffusive behavior depending on
the specific values of α and θ. For example, if α = 1 − θ/2, the mean square
displacement behaves linearly in time, i.e. we are in a normal diffusive regime,
whereas if 1 − θ/2 < α < 1 or 1 − θ/2 > α > 0 the system is in a super or
subdiffusive regime respectively.
A similar expression to Eq.(41) has been proposed by Metzler et.al. [19] as an
initial working ansatz for the derivation of a fractional differential model for
diffusive phenomena on fractal domains. The difference between their equation
and Eq.(41), is that instead of the fractal dimension Df and θ, they use two
free parameters that must be determined using as guidance, the asymptotic
probability density of a random walker in a fractal media derived by Havlin et.al.
[1]. By this reasoning, they conclude that the differential model for diffusion on
fractal domains should be of the form

∂2/dwp(r, t)

∂t2/dw
=

1

rds−1

∂

∂r

(
rds−1 ∂p(r, t)

∂r

)
, (44)

where ds is the spectral or fracton dimension [1], and dw is the fractal dimension
of the random walk [1]. It is important to emphasize that Metzler et.al. derived
Eq.(44) in such a way, that it’s asymptotic behavior is the same as the asymptotic
behavior of the probability density of a random walker on a fractal media, i.e.
the time interval between successive jumps on the fractal lattice is well defined
for their model. We believe that for cases where the walker can get trapped for
long periods of time in a fractal lattice site, e.g. a pore in the percolation model,
an expression as Eq.(41) would be more appropriate.

5.1 Fractional effective models for diffusion on fractal media

Finally, because Eq.(22) gives a subdiffusive behavior when θ > 0, which is
exactly the case for the percolation model of porous media, the following effective
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fractional differential model can be constructed

c
c∂αp

∂tα
=

kθ
µ

1

rDf−1

∂

∂r

(
rDf−1 ∂p

∂r

)
, (45)

where α = 2
2+θ , with θ is given in terms of the percolation critical exponents,

i.e.
θ =

η

ν
, (46)

where η is the critical exponent of the permeability Eq.(20), and ν the critical
exponent of the correlation lenght Eq.(8).

The work of D.H-H, M.N-L and J.X.V-H was supported by SENER-CONACYT
Grant No. 143935.
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