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Abstract. Before the analysis and characterization of oil wells can pro-
ceed, outliers in the production data must be detected and managed. We
consider univariate time series from oil production data, and we propose
a technique to detect a wide variety of outliers. This proposal extends
and generalizes the previous work by Abraham and Chuang [1989] to
stationary and non stationary ARIMA processes.
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1 Introduction

In some cases, time series may be affected by external events producing patterns
that do not correspond to the natural behavior of the data. In the case of oil wells,
such causes include mechanical interventions, among many others. Those outliers
will modify the autocorrelations structure, and thus the partial autocorrelation,
the estimated parameters, and the forecasts stemming from the model. It is
therefore very important to have a procedure to detect and manage outliers.

Following a regression analysis approach to detect outliers (see Cook and
Weisberg [1980] and Draper and John [1982] for references), but in the context
of time series, we propose a method to detect outliers based on the residuals of
one particular model fitted to the data. In section 2 we present a brief review
of the basic models for time series and outliers. In section 3 we present some
previous work in the estimation of outliers. In section 4 we present our proposal,
and some experiments with synthetic and real datasets from oil production data
in section 5. The conclusions are presented in section 6.

2 Outliers in time series

2.1 Models for time series

Let yt, t = 1, 2, . . . be an observed time series. We say that yt is stationary if
E(y) = µ (constant average), V ar(y) = σ2 (constant and finite variance) and
Cov(yt, ys) is a function of the time difference |t− s|, for any integers t and s.

We define the lag operator as Bmyt = yt−m, for any integer m > 0.
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A useful model to represent times series is the Autoregressive Model (AR),
where the current value of the time series is expressed as a finite, linear aggregate
of previous values of the series plus a random error at. If we define ỹt = yt − µ,
then an AR of order p is defined as ỹt = φ1ỹt−1 + φ2ỹt−2 + · · ·+ φpỹt−p + at =
φ (B) ỹt = at, where φ (B) = 1−φ1B−φ2B

2 − · · · −φpB
p, is the autorregresive

operator of order p.

Another useful model is the finite Moving Average (MA) process of order
q, where yt is expressed as a linear combination of random errors: ỹt = at −
θ1at−1 − θ2at−2 − · · · − θqat−q = θ(B)at. Here

θ(B) = 1− θ1B − θ2B
2 − · · · − θqB

q (1)

is the moving average operator of order q.

By mixing autoregressive and moving average terms, we obtain the Autore-
gressive Moving Average model of order p and q, denoted by ARMA(p, q), and is
defined as ỹt = φ1ỹt−1+φ2ỹt−2+· · ·+φpỹt−p+at−θ1at−1−θ2at−2−· · ·−θqat−q.

Equivalently, the ARMA(p, q) can be defined as φ (B) ỹt = θ (B) at, and
hence ỹt = (θ(B)/φ(B)) at, or (φ(B)/θ(B)) ỹt = at.

A wide variety of time series have a nonstationary behaviour, nevertheless,
they are stationary when we take differences of the series. If we define the differ-
ence operator as ∇dyt = (1−B)

d
yt, then, the time series zt = ∇dyt is station-

ary. Generally, d = 1 for most of the nonstationary time series. These series, can
be represented by the generalized autoregressive operator ϕ (B), where at least
one root of the polynomial ϕ (B) = 0 lies in the boundary of the unit circle. If
there exists d unit roots, then the operator ϕ (B) is defined as

ϕ (B) = φ (B) (1−B)
d
. (2)

Then, an Autoregressive Integrated Moving Average process of order p, d, q,
denoted by ARIMA(p, d, q) for nonstationary time series is defined as ϕ (B) yt =

φ (B) (1−B)
d
yt = θ (B) at, i.e. φ (B)wt = θ (B) at, where wt = ∇dyt.

2.2 Outliers

On time series data, we identify two different types of outliers (Fox [1972]): the
Type I or Additive Outlier (AO) and the Type II or Innovational Outlier (IO).
Let us assume that yt follows an autoregressive model. The model for a Type I
outlier at time T is zt = yt + δξt (T ), where δ is a constant and

ξt (T ) =

{
0,
1,

t �= T
t = T.

(3)

The model for a Type II outlier is zt =
θ(B)
ϕ(B) (at + δξt (T )), where ξt is defined

in (3), θ (B) in (1) and ϕ (B) in (2).
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3 Related work

Abraham and Chuang [1989] proposed a method to detect outliers in time series
by adapting the work of Draper and John [1982], in turn based on regression
analysis with independent observations.

Let zt be a stationary process of order p, defined by φ (B) zt = et, where
φ (B) = 1− φ1B − · · · − φpB

p and B is the lag operator such that Bzt = zt−1.
Given a set of observations z1, z2, . . . , zn, we can write a regression model

Z = Xφ+ e, (4)

where ZT = (zp+1, zp+2, . . . , zn) , φ
T = (φ1, φ2, . . . , φp) , e

T=(ep+1, ep+2, . . . , en),
and

X =




zp zp−1 · · · z1
zp+1 zp · · · z2
...

...
. . .

...
zn−1 zn−2 · · · zn−p


 .

By conditioning on zt, the least squares solution to (4) is

φ̂ =
(
XTX

)−1
XTZ, (5)

and the estimated values are Ẑ = Xφ̂ = X
(
XTX

)−1
XTZ = HZ, with H =

X
(
XTX

)−1
XT , and the residuals ê =(I−H)Z.

According to Abraham and Chuang, if there is an outlier at time t = T , we
can partition the matrices of the linear model as

Z = (Z1 Z2 Z3)
T
, X = (X1 X2 X3)

T
, e = (e1 e2 e3)

T
, (6)

where size(Z1) = size(e1) = (T − p)× 1, size(Z2) = size(e2) = k× 1, size(Z3) =
size(e3) = (n − T − k) × 1, size(X1) = (T − p) × 1, size(X2) = k × p and
size(Z3) = (n− T − k)× p.

In a similar way to Draper and John [1982], Abraham and Chuang proposed
the test statistic

Qk(T ) = êT2 (I −H22)
−1

ê2 = ê′2ê2 +
(
φ̂− φ̂∗

)T (
XT

1 X1 +XT
3 X3

) (
φ̂− φ̂∗

)

= Qk1(T ) +Qk2(T ),

where φ̂∗ =
(
XT

1 X1 +XT
3 X3

)−1 (
XT

1 Z1 +XT
3 Z3

)
is the estimated φ̂ after re-

move k equations from (5). They obtained the asymtotic distribution of max(Qk1(T ))
and max(Qk(T )), and critical values for k = 1. By using the graphics of Qk1(T )

and Qk2(T ), for each T and k = 1 and k = p + 1, they can decide if a detected
outlier is additive or innovational.

Chung Chen and Lon-Mu Liu [1993], Chang et al [1988], Box and Jenk-
ins [1994], among many others, extend the work of Fox to include ARIMA
models, and propose an iterative procedure to detect outliers and the estima-
tion of parameters. They suggest to compute the maximum likelihood ratio:
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λI,T = ω̂I,T /σ̂a and λA,T = ω̂A,T /
(
σ̂a

(∑∞
i=0 π

2
i

)−1/2
)
, as test statistics in or-

der to check if observation T is an innovational outlier (λI,T ) or an additive
outlier (λA,T ). Here, ω̂I,T and ω̂A,T are the estimated values of the outlier in
observation T , σ̂a is the estimated standard error and πi, i = 1, ..., are the
autoregressive parameters of the process.

Peña [1990] developed a technique to identify additive and innovational out-
liers and measured their effect and the sensitivity of the parameters in ARIMA
processes. The test statistic he proposed is based on the Mahalanobis distance,
and is defined as Di (T ) = (Ẑ− Ẑi)

T (Ẑ− Ẑi)/(hσ̂a), i = 1, 2, where Ẑ1 =
Xπ̂(I),Ẑ2 = Xπ̂(T ), π̂(I) and π̂(T ) are parameters to be estimated by assum-
ing that there exists an innovational and an additive outlier, respectively. π̂

is estimated by least squares: π̂ =
(
XTX

)−1
XTZ, with X and Z defined in

(6). For the estimation of π̂(T ), he replaced zT by ẑT in X and Z of the least

squares solution, where ẑT = E (zT |zt, t �= T ) =
∑h

i=1 δi (zT+i + zT−i) , δi =(
π̂i −

∑h
l=1 π̂lπ̂l+i

)
/
∑h

l=0 π̂
2
l , and for the estimation of π̂(I), the row T is elim-

inated from X and Z.

4 Proposed method

We propose a technique with the ability to detect a wide variety of outliers by
generalizing the work of Abraham and Chuang [1989] for a general underlying
model of the time series.

Similarlly to Peña [1990], we define a distance between the vectors of pa-
rameters π̂ and π̂(i). For the identification and location of outliers, we adapt the
results by Dı́az-Garćıa and González-Farias [2004], while the type of the outlier
is obtained following the procedure in Chung Chen and Lon-Mu [1993].

Let Zt be an invertible time series. The model to describe the influence of
outliers in the time series is

Z∗ = Zt + ω
A (B)

G (B)H (B)
It (t1) , (7)

where the indicator function It(t1) = 1 if t = t1 and 0 otherwise, ω and A(B)
G(B)H(B)

represents the magnitud and the dynamics of the outlier’s effect.
In this work we consider that the location and dynamics of outliers are un-

known, thus, we will classify the impact of outliers in 4 categories, each one
with a particular structure given by A(B)/(G(B)H(B)). The categories are In-
novative Outlier (IO), Additive Outlier (AO), Level Switch (LS) and Temporal
Change (TC), and are defined as:

IO :
θq (B)ΘQ (Bs)

φp (B)ΦP (Bs)∇d∇D
s

(8) AO : 1 (9)

TC :
1

1− δB
(10) LS :

1

1−B
(11)



WORKSHOP PROCEEDINGS

-  6  -

7   Decision making under uncertainty in petroleum engineering 
7.2.   Outlier detection and estimation for time series in oil production data 

 Víctor Muñiz, Rodrigo Macias, and Graciela González 

4.1 Outlier detection

If Zt is an invertible process, we can express it as Zt =
∑h

l=1 πlZt−l + at, where

π̂ =
(
XTX

)−1
XTZ∗, and

X =




Xh+1

Xh+2

...
Xn


 =




Zh Zh−1 · · · Z1

Zh+1 Zh · · · Z2

...
...

. . .
...

Zn−1 Zn−2 · · · Zn−h


 , Z∗ =




Zh+1

Zh+2

...
Zn


 .

B. Abraham and A. Chuang [1989], assumed thatX is fixed for the estimation
of π, which es equivalent to estimate π given X. With this fact, we can follow
the suggestion of Dı́az-Garćıa and González-Farias [2004] for regression analysis,
and we will use the test statistics

Dm(T ) =
(
π̂ − π̂(i)

)T
cov

(
π̂ − π̂(i)

) (
π̂ − π̂(i)

)
=

ê2i
(1− hi) s2(i)

, (12)

where êi = (Yi −Xiπ̂), hi = Xi

(
XTX

)−1
XT

i , s
2
(i) = êT(i)ê(i)/(n − p − 1), π̂ is

the estimation of π using all the data and π̂(i) is the estimation of π without
observation i. We will use the notation X(i) to denote matrix X excluding i−th
observation, and Xi to represent the i−th row of X.

Dm(T ) can be decomposed in two terms (see details in Domı́nguez-Molina
[2001]):

Dm(T ) =
ê2
i

s2
(i)

+

(
π̂ − π̂(i)

)T (
XTX−XT

i Xi

) (
π̂ − π̂(i)

)
s2
(i)

= Dm1(T ) +Dm2(T ), (13)

and it can be observed that Dm1(T ) is the standardized sum of squares of errors,
and Dm2(T ) is very similar to that proposed by Peña.

4.2 Asymptotic distribution of the test statistics

In order to use Dm(T ) as the test statistics to detect outliers, we need to know its
distribution. It’s very difficult to obtain the exact distribution, but using large
sample theory we can obtain the asymptotic distribution of our proposed test
statistics.

If there are no outliers, it is known that π̂
p→ π, and s2(i)

p→ σ2
a, also, it is not

difficult to show that residuals ê
p→ e and the elements of H converge to 0 when

n → ∞. Then

Dm1(T )
p→ D∗

m(T ) =

(
eT
σa

)2

∼ χ2
1, and Dm(T )

p→ D∗
m(T ), Dm2(T )

p→ 0,

thus, Dm(T ) is a sequence of n−p random variables iid χ2
1. Also max

(
Dm1(T )

) p→
max

(
D∗

m(T )

)
and max

(
Dm(T )

) p→ max
(
D∗

m(T )

)
.
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The distribution function of max(Dm1(T )) is given by P
{
max

(
Dm(T )

)
≤ C

}
=[

P
{
Dm(T ) ≤ C

}]n−p
, and given a significance level α, we can obtain the critical

value C = F−1
Dm(T )

(
(1− α)1/(n−p)

)
.

We will say that Zt, t = p+ 1, p+ 2, . . . , n has an outlier if

max
(
Dm(T )

)
≥ C. (14)

4.3 Estimation of the effect of outliers

To examine the effect of outliers on the estimated residuals, we will assume that
the parameters of the times series are known. We define the polynomial π(B) as

π (B) = ϕ(B)
θ(B) = 1−π1B−π2B

2−· · ·, where the weights πj for j relatively large

are aproximately 0, because we are assuming that the roots of polynomial θ(B)
lies outside the unitary circle. If there exist outliers, the estimated residuals can
be expressed as

êt = π (B)Z∗
t = π (B)Zt + ωπ(B)

A(B)

G (B)H (B)
It (t1) ,

for t = 1, 2, . . .. Then, the estimated residuals for the four types of outliers are:

IO : êt = ωIt (t1) + at (15) AO : êt = ωπ (B) It (t1)+at (16)

TC : êt = ω

(
π (B)

1− δB

)
It (t1) + at (17) LS : êt = ω

(
π (B)

1−B

)
It (t1) + at.

(18)

Alternatively, equations (15) to (18) can be writen as (see Domı́nguez-Molina
[2001] for details in the proof): êt = ωxit + at, t = t1, t1 + 1, ... and i = 1, . . . , 4,
where

xit =




0
1
0

−πk

δk −
∑k

j=1 δ
k−jπk

1−
∑k

j=1 πk

i = 1, .., 4 and t < t1
i = 1, .., 4 and t = t1
i = 1 and t > t1
i = 2 and t > t1
i = 3 and t > t1
i = 4 and t > t1

.

By using ordinary least squares, we can estimate the effects of outliers at
t = t1 by means of

ω̂IO (t1) = êt1 , ω̂AO (t1) =

∑n

t=t1
êtx2t(∑n

t=t1
x2t

)2 ,

ω̂TC (t1) =

∑n

t=t1
êtx3t(∑n

t=t1
x3t

)2 , ω̂LS (t1) =

∑n

t=t1
êtx4t(∑n

t=t1
x4t

)2 .
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It is important to notice that, for t1 = n, ω̂IO (n) = ω̂AO (t1) = ω̂TC (t1) =
ω̂LS (t1) = ên, therefore, it is impossible to distinguish the type of outlier at the
end of the time series.

As was noticed by Chang et al [1988], we can use the maximum value of the
standardized effects to obtain the type of the outlier. These values, denoted by
τ̂(t1) are:

τ̂IO (t1) =
ω̂IO(t1)

σ̂ , τ̂AO (t1) =
ω̂AO(t1)

σ̂

(∑n
t=t1

x2t

)1/2
,

τ̂TC (t1) =
ω̂TC(t1)

σ̂

(∑n
t=t1

x3t

)1/2
, τ̂LS (t1) =

ω̂LS(t1)
σ̂

(∑n
t=t1

x4t

)1/2
.

If we know the type and location of one outlier, we can calculate its effect in
the observations by using (7)

5 Experiments

5.1 Synthetic dataset

We begin our experiments section with a synthetic dataset used by Fuller [1996].
Part of the code was implemented by Domı́nguez-Molina [2001], and is available
in the R statistical software [2010]. We have 100 observations generated with a
second order autorregressive process: Yt−µ+α1 (Yt−1 − µ)+α2 (Yt−2 − µ) = et,
where et ∼ NI

(
0, σ2

)
. The data and the corresponding residuals are shown on

Figure 1. By observing the residuals, Fuller detects an innovational outlier in

data

Time

0 20 40 60 80 100

−5
0

5
10

std. residuals

Time

0 20 40 60 80 100

−6
−2

0
2

4
6

Fig. 1. Synthetic dataset.

observation t = 65, and an additive outlier at t = 85, because the residuals at
t = 85, 86 and 87 are affected.

When we have multiple outliers, we identify and estimate the effects of each
one. We suggest to follow this iterative procedure until we cannot detect more
outliers.

When we applied the proposed method iteratively, we could detect an AO at
observation t = 85 and an IO at t = 65, replicating in this way the resul found
by Fuller.

5.2 Oil production data

In order to check the performance of the proposed method on real datasets, we
used monthly production data from Mexican oil wells in two fields. For illustra-
tive purposes, we will use the data from the well named JUJO 12, corresponding
to monthly production between october 1982 and november 2009.
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We began by looking for patterns and seasonalities, applying the simplest
linear regression model to the data and checking the residuals, as is shown in
Figure 2. It is very clear when we observe this figure that there are at least three
different patterns on the data, due to human interventions in the oil well.

data

Time

1985 1990 1995 2000 2005 2010

0
10

00
00

20
00

00

standardized residuals

Time

1985 1990 1995 2000 2005 2010

−3
−2

−1
0

1
2

Fig. 2. A simple lineal regression model to detect patterns and seasonalities on data.

Based on that fact, we performed three different analysis to detect and esti-
mate the effect of outliers.

The first dataset corresponds to oil production between october 1982 and
august 1990. Instead of fitting an ARIMA process, and taking advantage of
the generality of our method, we used a non-stochastic procedure to fit a cubic
smoothing spline to the data. The results of the fitting and the corresponding
residuals are shown on Figure 3.

data

Time

1984 1986 1988 1990

0
50

00
0

15
00

00
25

00
00

std. residuals

Time

1984 1986 1988 1990

−3
−1

0
1

2
3

4

Fig. 3. Model fitted and residuals for the first dataset from JUJO 12.

To illustrate the outlier detection and the estimation of its effect, we will
show the first and second outlier detected with our method.

The first detected outlier is depicted in Figure 4, top right. It is an IO at
t = 9. Once we obtain the location and the type of the outlier, we can “clean”
the series by substracting the effect and dynamic of the outlier as explained on
Section 4.3 to obtain Z∗

t . Figure 4, right bottom shows the filtered or adjusted
series after removal of the effect of the first outlier. The second outlier is obtained
iteratively by taking Zt = Z∗

t . This is again an IO outlier at t = 10, and is shown
in Figure 4, top left. The filtered series is shown on the bottom left of the same
figure.

Following this procedure, we could detect the following outliers:
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data

Time

1984 1986 1988 1990

0
50

00
0

15
00

00
25

00
00

adjusted series

Time

1984 1986 1988 1990

0
10

00
00

25
00

00

data

Time

1984 1986 1988 1990

0
10

00
00

25
00

00

adjusted series

Time

1984 1986 1988 1990

0
10

00
00

25
00

00

Fig. 4. Location and estimation of the effect of the first two outliers for the first dataset
from JUJO 12. Left: location of the first outlier at t = 9 (top), and the filtered series
after remove the effect of the outlier (bottom). Rigth: location of the second outlier at
t = 10 (top) and the filtered series (bottom).

t 9 10 11 12 13 16 14 15 16 7 40 41 8 33 34 35 9 29 51 52 53 6

type IO IO IO IO AO TC IO IO AO TC IO AO IO IO IO AO AO TC IO IO AO TC

The final series, after identification of the outliers, estimation of their effect
and dynamics, and adjustment for them, is shown in Figure 5 (a).

A similar procedure was done in the second time series of JUJO 12 dataset,
which corresponds to monthly oil production from september 1990 to june 1999.
Here, we obtained the following outliers:

t 18 69 50 51

type TC AO IO TC

and the estimated time series after removing the effect of the outliers is shown
on Figure 5 (b).

The third time series of JUJO 12 dataset corresponds to the period from july
1999 to november 2009. We found just two outliers:

t 65 67

type TC AO

and the estimated time series is shown on Figure 5 (c).
Finally, the complete time series after location and removal of effects of out-

liers is shown on Figure 5 (d). In all cases, we used p = 5 as the order of the
moving average process.

6 Conclusions

In this paper, we proposed a technique to detect and identify the dynamics
of outliers for time series with a general invertible underlying model, including
ARIMA models. The main advantage of our method compared to others de-
scribed in the literature, is that fitting ARIMA models to the time series is not
required, since it is based on the residuals of any underlying model.
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data

Time

1984 1986 1988 1990

0
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0

15
00

00
25

00
00

adjusted series

Time

1984 1986 1988 1990

50
00

0
10

00
00

15
00

00
20

00
00

data

Time

1992 1994 1996 1998

14
00

00
18

00
00

22
00

00

adjusted series

Time

1992 1994 1996 1998

14
00

00
18

00
00

22
00

00
(a) First dataset (b) Second dataset

data

Time

2000 2002 2004 2006 2008 2010

0
50

00
0

10
00

00
15

00
00

20
00

00

adjusted series

Time

2000 2002 2004 2006 2008 2010

0
50

00
0

10
00

00
15

00
00

20
00

00

data

Time

1985 1990 1995 2000 2005 2010

0
50

00
0

15
00

00
25

00
00

adjusted series

Time

1985 1990 1995 2000 2005 2010

0
50

00
0

15
00

00
25

00
00

(c) Third dataset (d) Complete dataset

Fig. 5. Original (top) and estimated (bottom) time series for: (a) the first dataset, (b)
second dataset and (c) third dataset in oil production from JUJO 12 well. On (d) we
shows the same for the complete dataset.

We include four dynamics for the outliers, but it can be easily extended to
another type of dynamics with the proposed metodology.

The method we proposed to detect outliers is easy to automatize and imple-
ment, and it provides critical values based on the asymptotic behaviour of the
test statistics we proposed.

The experiments on synthetic and real datasets from oil wells shows a good
performance of our method.
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