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Abstract. Nonlinear regression is a general technique to fit a curve through da-
ta. Curve fitting is used to find the best fit line or curve for a series of data 
points, in such a way the difference between actual and fitted point values is 
minimized. A particular scenario requires finding the optimal parameters of a 
given function that must be fitted for data. In this paper, soft computing tools 
like genetic algorithms and simulated annealing, that have proved valuable for 
optimization problems, have been used to estimate parameters in nonlinear re-
gression models, usually a computationally intensive task. In this work, we get 
involved in petroleum engineering domain in order to apply nonlinear regres-
sion for decline curve analysis of oil production data. Parameters for curves are 
calculated by genetic, simulated annealing and hybrid algorithms. A compari-
son of accuracy of the developed algorithms is presented. 
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1 Introduction 

Estimating the natural decline rate has been a challenge for many years in petroleum 
engineering. Most of the existing decline-curve-analysis (DCA) techniques are based 
on the empirical Arp’s equations proposed nearly 60 years ago to represent the rela-
tionship between production rate and time during the pseudo-steady state period [1]. 
The Arp’s decline curve can be established using a group of rate data collected for an 
elapsed time when no major changes in operating procedure are made and no stimula-
tion treatments are applied to the well. DCA has been one of the most used techniques 
of data analysis for production of hydrocarbons, particularly in the calculation of the 
estimated ultimate recovery (EUR) of hydrocarbons.  

Particular decline trend implicitly includes different production and operating con-
ditions that would influence the performance, such as natural drive, rock and fluid 
properties, well completion. More recent works make use of this technique not only 
for the calculation of the EUR, but also to estimate parameters of the wells, such as 
permeability, fracture length and drain area, in such a way that they can be general-
ized to obtain the characterization for an entire field or reservoir [7]. On the other 
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hand, analysis of decline patterns using integration of sub-surface information and 
well performance data, and combined static and dynamic flow models can be used for 
enhanced prediction of the reservoir performance [11].  

That is why for production analysis and prediction it is very important to identify 
and classify different decline patterns under specific reservoir and operational condi-
tions. Usually decline curves follow exponential or hyperbolic curves. But in some 
cases, production-decline data does not follow any models and just crosses over typi-
cal decline curves. Such patterns can be obtained by curve fitting. In this paper, we 
present implementations for two algorithms using simulated annealing and genetic 
algorithms techniques, both applied to curve fitting for petroleum production data. 
The goal of the developed algorithms is to obtain values for the parameters of Arp’s 
equation such that the equations representing decline curves have the lowest possible 
fitting error. 

The rest of the paper is organized as follows. Section 2 gives a conceptual review 
focused on the fundamentals of the algorithms implemented in this work along with 
concepts of decline curve analysis in petroleum industry. Section 3 describes our im-
plementation of algorithms. Section 4 gives the results applied to a case study for 
petroleum data and we conclude in Section 5. 

2 Preliminaries 

2.1 Arp's empirical equation 

Most techniques for obtaining decline curves for hydrocarbons are based on Arp's 
equation [1]:  

  (1) 

where  is production rate at time  t, qi is initial production rate, b is a hyperbol-
ic  exponent and Di is initial decline rate. This equation represents the relationship 
between production rate and time for petroleum wells during pseudo-steady state 
periods. 

Arp’s equation represents an empirical approach that does not require knowledge 
of physical parameters related to the wells or oil fields. 

The objective of this work is to determine one or more decline curves for the anal-
ysis of oil production, based on equation 1. Note that the goal is to obtain values for q, 
b and D parameters in such a way the equations found represent decline curves with 
the lowest possible fitting error. The proposed approach is based on soft computing 
optimization techniques. 

 
2.2 Simulated annealing 

Simulated Annealing is an optimization algorithm proposed by Kirkpatrick [1] and 
Cerny [2][3], and is based on the annealing process of metals. Metal annealing is a 
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physical process in which a solid is heated and is then cooled slowly. With respect to 
an optimization problem, the states and energy correspond respectively to feasible 
solutions and the objective function [7]. Simulated annealing goes through different 
states (solutions), accepting states with lower energy levels, but it can accept "bad" 
(higher energy) states, according to the Boltzmann probability distribution, in order to 
escape from local minima. This acceptance process is called a Metropolis cycle and is 
repeatedly executed until thermal equilibrium is reached. The Metropolis cycle is 
executed within another cycle that establishes a descending sequence of the control 
parameter called temperature, which is initially set to a conveniently high value. 

In Fig. 1 the Simulated Annealing algorithm is outlined. The external cycle con-
trols the temperature value through a cooling function whereas the internal cycle (Me-
tropolis cycle) creates neighbors to the current solution and accepts them or discards 
them according to the Boltzmann distribution. Four control parameters are considered 
for the algorithm -initial temperature ci, final temperature cf, number of Metropolis 
cycles (length L of the Markov chain), and the temperature parameter β of the cooling 
function. 
 

1.  Initialization (c=ci, cf, Si, β)  
2.  Repeat  
3.     Repeat L times  
4.       Generate Sj  
5.       if E(Sj) < E(Si) then  
6.         Si = Sj  
7.       else  
8.         if random < Boltzman then  
9.           Si = Sj  
10.     End Repeat  
11.     new c, L  
12.   Until (c < cf) 

Fig. 1. Simulated annealing algorithm 

2.3 Genetic algorithms 

Genetic algorithms [5] constitute a search technique used in computing to find ex-
act or approximate solutions to optimization and search problems. The solutions are 
inspired by theory of evolution by Darwin and are evolved over the time by using 
evolutionary biology techniques such as mutation and selection. Genetic algorithms 
can be viewed as a general-purpose optimization technique in discrete search spaces. 

 
A genetic algorithm is started with a set of solutions or individuals (represented by 

chromosomes) called population. Solutions of a population are taken and used to cre-
ate a new population with the hope of finding better individuals. Solutions which are 
selected to form new solutions (offspring) are selected according to their fitness 
(some type of quality measurement). The more suitable they are the more chances 
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they have to reproduce. The whole process is repeated until some condition (for ex-
ample number of populations or improvement of the best solution) is satisfied. 

The basic genetic algorithm is outlined in Fig. 2. 
 

1. Create a random population of n chromosomes 
2. Evaluate fitness f(x) for each chromosome in popula-
tion 
3. (New population) 
3.1 Select individuals according to f(x) 
3.2 Apply crossover to chromosomes 
3.3 Mutate chromosomes 
3.4 Accept or reject chromosomes 

4.  Replace population with offspring 
5.  Test stopping criterion 
6.  Continue steps 2-5 until stopping criterion is satis-
fied 

Fig. 2. Basic genetic algorithm 

3 Developed algorithms 

In this section we provide implementation details of two soft computing algorithms 
for curve fitting according to equation 1. 

 
3.1 Simulated annealing algorithm 

The performance of simulated annealing is closely related to the selection of its pa-
rameters. Particularly, the initial temperature requires special attention. If the value is 
very high a larger solution space is explored but maybe with a high cost of time. In 
our implementation we used a statistical procedure for calculating the values of initial 
and final temperatures, as described in [4]. The process consists of a sampling of ran-
dom solutions. For each one, the value of objective function is calculated. At the end, 
the average value for entire sampling is determined. The process is run repeatedly, 
and afterward the global average is calculated from the averages from different sam-
plings. Global standard deviation is also calculated. In our case, the value of objective 
function is the mean absolute error between current points of data and their fitting 
according to particular solutions found for equation 1. In this way, after sampling 
afore mentioned, initial temperature ci = μ + 3σ and final temperature cf = μ + 3σ, as 
illustrated in Fig. 3. 
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Fig. 3. Tuning for initial and final temperatures in simulated annealing algorithm 

We also tuned another parameter of our simulated annealing algorithm, which cor-
responds to the number of Metropolis cycles (length L of Markov chain) that must be 
run until thermal equilibrium is reached for a given temperature. As described in [10], 
the expression for the growth of the Markov chain when temperature is ck+1 is set to 

 
         

 
Once determined the number of temperature cycles, say n, value for β coefficient 

can be calculated as  
 

   [              ⁄ ] 

In this case Lmax corresponds to the number of possible neighboring solutions for 
a given solution of equation 1. Given that the parameters of equation are real num-
bers, we assume a big enough value for Lmax. 

3.2 Genetic algorithm 

We developed a genetic algorithm as follows. A chromosome which represents a 
solution or an instance of the equation 1 consists of genes corresponding to the pa-
rameters q, b and D. A particular individual is as good as its fitness function. In this 
case, the fitness is calculated as the absolute mean error between current points of 
data and the corresponding predicted values by the solution found for the equation 1. 

Table 1 shows the configuration of parameters used in the implementation of our 
genetic algorithm. 

Table 1. Main features and parameters for the genetic algorithm  

Chromosome Composed of genes that represent numerical values for 
the parameters q, b, and D in equation 1. 

Fitness function Mean absolute error between the actual and adjusted da-
ta. 

Size of population  20 individuals 
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3 0.40 0.49 
4 0.31 0.37 

 

Table 3. Ten best curves found for equation 1 by simulated annealing algorithm 

Curve Error value q b D 
1 0.167 186455.84 0.95 0.01 
2 0.168 188014.27 0.75 0.01 
3 0.170 180580.46 0.95 0.01 
4 0.176 174705.10 0.95 0.01 
5 0.178 243351.15 0.93 0.02 
6 0.182 243651.18 0.72 0.02 
7 0.185 239634.25 0.72 0.02 
8 0.186 238705.03 0.72 0.02 
9 0.189 180280.44 0.82 0.01 
10 0.190 237475.78 0.61 0.02 

 
As shown, the results obtained so far show that in general the simulated annealing 

algorithm gives better results than the genetic algorithm. It is noteworthy that at this 
point the quality measure only takes into account the accuracy of the fit of the curves 
relative to the mean absolute error. Performance against the runtime has not been 
taken into account. However, it is expected that as part of future work can be imple-
mented a parallelization scheme to obtain better results in both time and accuracy. 

5 Conclusions 

Nonlinear regression as a general technique to fit a curve through data is usually a 
computationally intensive task. In this paper, two algorithms using soft computing 
techniques based on simulated annealing and genetic algorithms, applied to curve 
fitting for petroleum production data are developed and compared. 

The experimental results show that the simulated annealing algorithm generates 
curves with lower fitting error. Although time of execution has not been taken into 
account so far, we are currently working on a parallelization scheme in order to obtain 
results both faster and more accurate. We are also working on a hybrid algorithm 
which combines simulated annealing and genetic algorithms approaches. In this hy-
brid algorithm, in addition to using crossover and mutation operations of individuals, 
newer generations can accept individuals by using the simulated annealing strategy, in 
which bad individuals (with poor fitness function) can be accepted depending on val-
ue for Boltzmann function. This hybrid scheme seeks a broader exploration of space 
solution. In this implementation will be valuable the parallelization scheme men-
tioned, since the computation is more intensive, so it will be useful to take advantage 
of multiple processing cores. 
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The future work also includes identification of pattern corresponding to different 
reservoir and operational conditions, analysis of associations of these conditions with 
decline patterns in order particular significance can been attributed to the values of D 
and b parameters. 
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