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Abstract. Different measures of similarity and associations between time series 
have been proposed in the literature on time series data mining. The main 
drawback of the most of similarity measures is the difficulty to use them for the 
analysis of inverse relationships between time series. In this paper, axiomatic 
definitions for two classes of measures called “time series shape similarity 
measures” and “time series shape association measures” are proposed. Rational 
properties that can be imposed on the proposed association measures are dis-
cussed. Examples of these measures are considered.  
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1 Introduction 

The problem of measuring of similarity and associations between time series is very 
important in statistics [4] and in time series data mining [5,6-8]. Different measures 
for such purposes have been proposed [5,7] but comparative analysis of such 
measures is usually produced on different benchmark time series collections [6]. 
From our point of view the main drawback of time series similarity measures consid-
ered in time series data mining is impossibility to use them for analysis of inverse 
relationships between time series. Correlation coefficient used in statistics can meas-
ure positive and negative relationships between two data sets but it considers only the 
values of these sets but not takes into account the ordering of them if we try to use 
this measure for analysis of associations between time series. Local trend association 
measure introduced and studied in [2,3] can measure positive and negative associa-
tions between time series taking into account time ordering of time series values. To 
emphasize the difference between measures that can measure only similarity between 
time series and measures that can measure both positive and negative relationships 
between time series we need to define the difference between these two classes of 
measures. In this paper we develop a normative approach to the analysis of measures 
of similarity and association between time series. We analyze properties that can be 
required from such measures and axiomatically define two classes of measures called 
“time series shape similarity measures” and “time series shape association measures”. 
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In the first class we consider a subclass of scale invariant similarity measures. The 
examples of introduced classes of measures are considered. 

The paper has the following structure. Time series shape similarity and shape asso-
ciation measures are introduced in Sections 2 and 3 respectively. In Section 4 we 
consider a trend association measure and show that it belongs to the class of shape 
association measures. In Section 5 we consider an example of time series clustering 
illustrating the advantage of time series shape association measure on a benchmark 
example. Finally we make some conclusions. 

2 Shape similarity measures 

A time series of length n, (n>1), is a sequence of a real values y = (y1,…,yn) given at 
time points t= (t1, …, tn). As usually, we suppose that time changes with a constant 
step and moreover ti = i for all i = 1,…,n. Denote Tn the set of all time series of length 
n. Suppose p,q (p ≠ 0) are real values. Denote py+q = (py1+q, …,pyn+q). 

Define a time series shape association measure S as a function S:Tn×Tn→[-1,1]. In 
the following sections, we will first discuss different rational properties that can be 
imposed on the shape association measure and, finally, we formulate axioms for two 
types of association measures: 1) similarity and mi-similarity measures that do not 
consider the concept of negative association between time series; 2) association 
measures that can evaluate negative associations between time series. Consider possi-
ble properties that is reasonable to require on a time series shape association measure 
S for all time series x,y from Tn. Some properties have the names used in the theory of 
fuzzy (weighted) relations [1,9].  

Symmetry: 
 
P1. S(x,y) = S(y,x), 

 
ensures that the association value does not depend on the permutation of arguments in 
S. From now we will only consider functions S satisfying P1.   

Reflexivity:  
 
P2. S(y,y) = 1, 

 
says that the association of any time series with itself is maximal. Note that the prop-
erties P1 and P2 define similarity relation in the theory of fuzzy (weighted) relations 
[1,9]. 

Translation invariance property: 
 
P3a. S(y+q,y) = 1, 
 

where q is any real number, is a generalization of reflexivity property P2. This proper-
ty seems very natural for a shape association measure because the shape of the time 
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series y+q is the same as the shape of the time series y since all time series values of y 
are shifted by the same value q.  

In many applications, e.g. in finance, economics and in industry, time series have 
only non-negative values. For such time series instead of P3a we can use the property 

 
P3b. S(y+q,y) = 1, for any q ≥ 0. 
 
Let us show that from P3b it follows P3a. Indeed, suppose that P3b is fulfilled. Let 

us show that S(y+q,y) = 1 also if q < 1. Denote x = y+q, c = -q; then   S(y+q,y) = 
S(x,x+c)= 1, that follows from P1, P3b and c>0. 

In applications where time series can have negative values all time series y can be 
translated to positive valued time series y + M by adding some large positive value M  
to all time series elements. For this reason it is possible to consider only positive time 
series and require a shape association measure to fulfill the property P3b. In general, 
however we will suppose that a time series can take any real value. We will consider 
properties P3a as well as P3b. 

Property P3a is equivalent to the following property:  
 
P3c. S(x,y) = 1, if  xi+1-xi = yi+1-yi for all i=1,…, n-1, 

 
that says that two time series x and y have the highest association value of 1 if they 
have equal increments at all time points. Indeed, suppose that P3a is fulfilled for S and 
x, y are time series satisfying the right side condition of P3c. Denote q = x1 - y1 and hi 
= xi+1-xi = yi+1-yi then x1 = y1+q, x2 = x1+h1 = y1+q+h1 = y2+q, and, generally, xi= 
yi+q for all i=1,…,n, i.e. x= y+q. Hence from P3a it follows P3c. Vice versa, if x = 
y+q then xi+1-xi= yi+1-yi, for all i=1,…,n-1 and from P3c follows P3a. 

The following property is a generalization of the translation invariance property 
P3a: 

 
P3d. S(y+q,x) = S(y,x), 

where q is a real number. P3d means that there is no difference if we will compare 
time series x with y or with its translation.  Similarly to P3b we can consider a “posi-
tive” version of P3d: 

 
P3e. S(y+q,x) = S(y,x), for any q ≥ 0. 

 
From P3e and P1 it follows another version of translation invariance property: 

 
P3f. S(y+q1,x+q2) = S(y,x), 

 
where q1 and  q2  are some real numbers. 

Scale invariance property: 
 
P4a. S(px,py) = S(x,y), if p >0, 
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requires that the change of the scale for all time series does not change similarity be-
tween them. This property is very reasonable if all time series describe the change of 
the same parameter. However we are trying to define time series shape association 
measure that can measure association between time series describing dynamic of dif-
ferent parameters. For example if we want to measure association  between dynamics 
of two economic indicators when one is measured in pieces and another in dollars 
then association value between these indicators should not be changed if we change 
the scale of the second indicator from thousands of dollars to millions of dollars. So 
we can require from the time series shape association measure the fulfillment of the 
following more strong than P4a scale invariance property: 

 
P4b. S(py,x) = S(y,x), if p > 0. 

 
Difinition 1. A time series shape similarity measure is a function S:Tn×Tn→[0,1] 
satisfying axioms: 

 
P1. S(x,y) = S(y,x),      (simmetry), 
P2. S(y,y) = 1,       (reflexivity), 
P3. S(y+q,x) = S(y,x), for any q ≥ 0,    (translation invariance). 
 
A time series scale invariant shape similarity measure is a shape similarity 

measure satisfying axiom: 
 
P4. S(py,x) = S(y,x), if p > 0,     (scale invariance).  
 
Note that from P1, P3 and P4 it follows that scale invariant shape similarity meas-

ure satisfies the following property:  
 
S(p1y+q1,p2x+q2) = S(y,x), if p1, p2> 0    (1) 

 
for all real values q1 and q2. 

Suppose R+ is a set of positive real values and D:Tn×Tn→R+ is some distance 
measure satisfying for all x,y in Tn the properties: 

 
Q1. D(y,y)=0, 
Q2. D(x,y)= D(y,x). 
 
Consider the following popular time series normalization functions 

Fk(y)=(Fk(y1),… Fk(yn)) defined for all i=1,2,…,n as follows: 
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Define the function S:Tn×Tn→[0,1] as follows: 
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where F is some normalization function and M is a constant such that M ≥ 
D(F(x),F(y)) for all x,y in Tn. 

Proposition 1. SD,F is a shape similarity measure if F = F1. S is a scale invariant 
shape similarity measure if F = F2. 

3 Shape association measures 

We suppose here that a time series can have negative values. In this case it is very 
natural to consider the following sign permutation property:  

 
P5a. S(-x,y) = S(x,-y). 
 
It means that it is not important in what component of S(x,y) we can change the 

sign the result will be the same.  
The following property of negative reflexivity: 
 
P5b. S(-y,y) = -1, 

 
means that two time series y and –y have the highest absolute value of association 
because the values of time series y completely define the values of time series –y.  
The negative sign of the association value -1 means that we deal with time series with 
inverse relationship.  

As an extension of the last two properties we can consider the following inverse 
relationship property: 

 
P5c. S(-x,y)  = -S(x,y). 
 
P5a follows from P5c and P1. P5b follows from P5c and P2. The property P5c can 

be written in the following form: 
 
P5d. S(-x,y) + S(x,y) = 0. 
 
From P3 and P5b it follows: 
 
P5e. S(-y+q,y) = -1. 
 
This property gives possibility to extend negative reflexivity P5b on positive val-

ued time series by selecting suitable “large” positive value of translation q. Again, 
from P3 it follows that we can rewrite inverse relationship property P5c for positive 
valued time series as follows: 
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P5f. S(-x+q,y)  = -S(x,y). 
 
From P5c, P4 and P5f we can obtain: 
 
P5g. S(py+q,x) = - S(x,y), if p < 0. 

 
Difinition 2. A time series shape association measure is a function S:Tn×Tn→    

[-1,1] satisfying axioms P1-P4 and  
 
P5. S(-x,y)  = -S(x,y),     (inverse relationship). 
 

Joining  P5g with (1) we obtain for time series shape association measure:     
 
S(p1y+q1,p2x+q2) = sign(p1)· sign(p2)·S(y,x),  (p1, p2 ≠0). (2) 
 
Proposition 2. Correlation coefficient [4] 
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 is a time series shape association measure.

 

In the following Section we show that local trend association measure based on 
moving association transform studied in [2,3] is also a time series shape association 
measure. 

4 Local trend association measure 

Consider local trend association measures studied in [2,3]. Consider time series 
from Tn. A window Wi  of size k∈{2,…,n} is a sequence of indexes Wi= (i,i+1,…,i+k-
1), i∈{1,…, n-k+1}. A sequence J = (W1, W2,…, Wn-k+1) of all windows of size k is 
called a sliding window of size k. Note that if k = n then J = (W1) and we have only 
one window that contains all indexes (1,2,…,n). Suppose y is a time series from Tn 
and J is a sliding window of size k, k∈{2,…,n}. Denote ),...,,( 11 −++= kiiiiW yyyy  

the values of y in time points (i,i+1,…,i+k-1) defined by window Wi= (i,i+1,…,i+k-
1). Linear functions fi = ait+bi, (i=1,…,n-k+1), with parameters {ai,bi} minimizing the 
criterion  
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are called moving (least squares) approximations of yWi. Asequence of slope values a= 
(a1, …, an-k+1) of moving approximations of time series y in a sliding window of size k 
is called a moving approximation (MAP) transform  of the time series y and denoted 
as MAPk(y).The slope values ai are called local trends.  
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The general formulas for calculating of optimal values of parameters ai, bi mini-
mizing (1) are well known but for considered case of t = (1, …,n) these formulas can 
be simplified [2,3] and the values of MAP transform MAPk(y), k∈{2,…,n}, can be 
calculated as follows: 
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 Proposition 3. [3] MAP transform satisfies the following property: 
 
MAPk(py+q)= pMAPk(y), p≠0. 
 
Suppose y = (y1,…,yn), x = (x1,…,xn) are two time series and MAPk(y)= (ay1, …, 

aym), MAPk (x)= (ax1, …, axm), (k∈{2,…,n-1}, m= n- k+1), are their MAP transforms. 
The following function is called a measure of trend associations: 

cossk(y,x)= cos(∠(MAPk(y),MAPk(x)))= 
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Proposition 4. A measure of trend associations is a time series shape association 

measure. 

5 Example 

Consider a time series data mining benchmark example from file RealityCheck.dat 
presented on data mining WEB page [6] before the year 2006. The shapes of time 
series from this example are shown in Fig. 1. This benchmark example was usually 
used for analysis of results of time series clustering based on proposed time series 
similarity measure. Fig. 2 shows supposed “good” clustering of these time series that 
was presented on data mining WEB page [6]. The reference on this clustering can be 
found also in [3] and in [8]. In [3] it was shown that this clustering really does not so 
good because time series {9,10} have high inverse relationships with time series 
{1,4} and for this reason they can be joined together in one cluster. Fig. 3 shows high 
positive and negative values of shape associations between time series calculated as 
maximum of trend association values calculated for window sizes {2,…,200} for 
method considered in Section 4 (see details in [3]). From Fig. 3 we can see high posi-
tive and negative associations between time series {9,10} and {1,4}. Fig. 4 depicts the 
clustering of time series based on absolute values of shape associations between time 
series shown partially in Fig. 3. As we can see from Fig. 4 the time series {9,10} and 
{1,4} that have high positive and inverse relationships have been joined in one claster.  
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Fig. 1. Time series from file RealityCheck.dat [6] 

6 Conclusions and future work 

Two classes of time series shape association measures are axiomatically defined and 
the basic properties of these classes are studied. From now on, for any time series 
shape association measure it is only sufficient to check the fulfillment of axioms pro-
posed in this work to infer the properties of these measures. The axiomatic separation 
of the classes of similarity and association measure can show that most of distance 
based similarity measures considered in time series data mining and local trend asso-
ciation measures introduced and studied in [Batyr] belong to different classes of time 
series association measures. Detachment of time series association measures on two 
classes of measures shows that attempts to use benchmark time series data bases for 
finding “the best” distance based time series similarity measures are only limited with 
the relatively week class of shape similarity measures but for more deep analysis we 
need to use shape association measures that give possibility to discover possible nega-
tive relations between time series.  
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Fig. 2. Hierarchical clustering of RealityCheck data shown in [6]. 
 

 
Fig. 3. High trend associations between time series [3] obtained by trend association 

method  
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Fig. 4. Hierarchical clustering of RealityCheck data by single linkage clustering 

algorithm when absolute values of shape associations are  used for calculating simi-
larity between time series.  
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